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Limit order book: snapshot of supply and demand

Size Price

e | e
)
e | e

o |
O e
.

In electronic markets we observe the limit order book every
microsecond. What can we learn about price formation from this
data? 5/36
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Approximation by iterated composition of scalar functions

Constructive approach: fix ¢, parameterize | ,

Activation function: Let ¢ : R — [0, 1] be a monotone increasing
function with p(—00) =0, ¢(c0) = 1.

Example: ¢(x) =1/(1 4 exp( x)).

Denote by L, the set of functions of the form

p
()=>a e(<Wix>) W eR", acRY
i—1

Any function f € L, has the form: f =g, © gw
where gy are a ne functions with coe cients W.
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Neural network representation

A function (x) = ¢ (D /_; wikxk) in L, may be represented as a
neuron with synaptic weights W = (w1, ...w,) and activation

function ¢
Summation
X1 o— W
T Activation
function Output
Inputs { Xk o - W - Z ahd - (%)

Xn O—— Wp

Weights
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Universal approximation theorem

Any continuous function can be approximated uniformly on
compact sets by composing such functions (Hecht-Nielsen 1989,
Hornik et al 1989, Hornik 1991, Kurkova 1992,...):

Theorem (Universal approximation theorem)

Let ¢ : R — [0, 1] a non-constant activation function and
F :[0,1]N — A CR. Then for any € > 0 there exists k € N,
pi € Loy 1,..., k € L, such that

k

| Flxa,eoxn) Y p (X)) <e

p=1

This can be represented to a neural network with:
-one input layer with kN neurons ,;,p=1.k,i=1.N
-one ‘hidden’ layer with k neurons: 1,..., &
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Neural network representation

This approximation corresponds to a 2-layer neural network with
one input layer and one hidden layer:
Input_layer

Data 7 N Hidden layer

11/36



Deep neural networks

More generally networks with many layers (‘deep’) have been
shown to be very effective for learning high dimensional functions
from extremely large data sets: these lead to approximations of
type
fo=v 8 ¥ 8., - ¢ &
where gy, (x) =< 0i,x >, o(y) =1/(1 +exp( y))
Input layer Hidden layer Hidden layer
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Supervised Deep learning

fo(X)=¢ &, © 8. - ¢ & (x)  g,(x)=<6i,x>

The weights 6; are estimated by minimizing an objective function
(negative log-likelihood, relative entropy) over data sample.
K layers, m neurons per layer = Km? ~ 10°  10° weights
Suitable for non-parametric pattern recognition in large data sets.
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Architecture: Recurrent Long-Short Term Memory network
(Hochreiter & Schmidhuber 1997)

7

A%@X%@A

& EEEH-6
O{L-@
{00



Network architecture: Long/ Short Term Memory

I I Backpropagation through time

- = = = - ——— = == =
— LSTM network — LSTM network —

Order book at time t Order book at time t+1

Figure: At each observation time the LSTM network accepts as an input
the current order book data and the internal state from the previous
times. Training of the model requires backpropagation back through

previous times.
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Architecture of LSTM network

The internal state h; includes a memory cell M; which can
e ciently represent the history of X.

M; = Forget Gate; M;_1 + Input Gatey  g(Xt, he—1;6),

Forget Gatey, Input Gatey = (X, he—1;0),

A deep LSTM network can be constructed by stacking multiple

LSTMs (each with its own internal state).
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Figure: Calculations were done on the National Center for
SuperComputing Applications (NCSA) BlueWaters supercomputer in
lllinois (USA).
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Asynchronous stochastic gradient descent

Model is stored on the parameter server node

Asynchronous updates to the model

Gradients

Current model

| - s
-Grad its -

Random batch of data loaded from
Online Storage onto compute nodes

Compressed in HDFS and

located in Online Storage

Figure: The dataset, which is too large to be held in the nodes’ memories,
is stored on the Online Storage system. Batches of data are randomly
selected from all stocks and sent to the GPU nodes. Gradients are
calculated on the GPUs and then the model is asynchronously updated.
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Comparison with linear models

-10 =5 0 5 10 15
Increase in accuracy in % Accuracy in %

Figure: Comparison with linear models: out of sample prediction accuracy
for direction of next price move across 500 stocks and out-of-sample
results reported for June-August, 2015. Left: increase in accuracy for
stock-specific deep neural networks vs stock-specific linear models. Right:
universal deep neural network (red) vs stock-specific linear models (blue).
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Universality of price formation mechanism

50

40}

20

10

o I L L LE I
-8 -6 -4 -2 0 2 4 6 8
Increase in accuracy in %

Figure: Universal vs stock-specific models, both estimated via deep
networks with 3 LSTM layers followed by a ReLU layer of 50 units.
Out-of-sample price prediction accuracy across 489 stocks, June-August,
2015.
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Universal vs stock specific models

Superiority of the universal model trained on all stocks can be
traced back to the availability of a larger, richer and more diverse
set of scenarios for the universal model: improvement in forecast is
highest for stocks with lower sample size.
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25/36



Universal model generalizes to stocks it was not trained on

Accuracy in %

Figure: Performance on approximately 500 new stocks which the model
has not been trained on. Out-of-sample accuracy for June-August,
2015. Training sample: January 2014-May 2015.
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Transfer Learning: Universal model generalizes to stocks

it was not trained on

‘ Model ‘ Comparison ‘ Average increase in accuracy ‘
Stock-specific 25/25 1.45%
Universal 4/25 -0.15%

Table: Comparison of universal model trained on stocks 1-464 versus (1)
stock-specific models for stocks 465-489 and (2) universal model trained
on all stocks 1-489. Second column = fraction of stocks where the
universal model trained only on stocks 1-464 outperforms models (1) and
(2). 3rd column = average increase in accuracy. Out-of-sample results
for June-August, 2015.
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Stationarity across time

60 65 10 5 80 8 90 60 65 0 5 80 8 90 9%
Accuracy in % Accuracy in%

Figure: Performance on 500 out-of-sample stocks.

Left: out-of-sample accuracy reported for June-August, 2015.
Right: out-of-sample accuracy reported forJanuary-March, 2017.
Training data: January 2014-May 2015.
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‘ Size of training set | Average increase in accuracy

1 month 7.2%
3 months 3.7%
6 months 1.6%

Table: Comparison of deep learning models trained on entire training set
(19 months) against deep learning models trained for shorter time
periods. Models are trained to predict the direction of next mid-price
move. Second column shows average increase in accuracy from using
longer history. Out of sample results for 50 stocks, August, 2015.
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Price formation is history-dependent

-6 -4 -2 0 2 4 6 8 10 12
Increase in accuracy in %

Figure: Comparison of a LSTM network with a feedforward neural
network. Models are trained to predict the direction { 1,41} of next
mid-price move. Comparison for approximately 500 stocks and

out-of-sample results reported for June-August, 2015.
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Price formation is history-dependent

Increase in accuracy in %

Figure: Increase in accuracy for 5000 events (~ 2 hours) versus 100
events. 1,000 stocks in out-of-sample period June-August 2015.
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For more details:

R Cont, J Sirignano (2018)
Universal Features of Price Formation in Financial
Markets: Perspectives From Deep Learning
https://ssrn.com/abstract=3141294

To appear in Quantitative Finance.
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